We construct a relativistic and curved space version of actionangle variables for a particle trapped in a gravity and electromagnetic background with time-like isometry. As an example, we consider a particle in AdS background. Furthermore, we obtain the semiclassical quantisation of its energy levels.
Introduction
Action-angle variables give a parameterisation of a classical system with finite motion in which one variable (action) remains constant, while its canonical conjugate (angle) is evolving linearly in time.
At the early stage of quantum mechanics the discrete nature of energy was explained by the property of action variable to take only discrete values, an approach known today as Born-Sommerfeld quantisation [1] . So, the action-angle variables were studied extensively and became a standard subject for major classical mechanics textbooks (see e.g. [2] ). We now know that although in some cases the Born-Sommerfeld prescription gives exact energy eigenvalues, it is generally not a proper way to describe a quantum system. Even so, Born-Sommerfeld quantisation remains a valid approximation when quantum effects are not very strong. Hence, action-angle variables are a powerful and intuitive tool for semiclassical analysis.
Beyond the application to semiclassical analysis the set of action-angle variables is an interesting construction by itself because it explicitly reveals the structure of a classically integrable system with finite motion. As the approach was mainly developed in the era of non-relativistic physics, application to relativistic systems was largely overlooked.
Here we address the question of whether a relativistic (re)formultaion of the action-angle variables is also possible?
Although, there is a number of applications of action-angle variables to relativistic particles in gravity backgrounds (see [3] [4] [5] for recent works), the method is applied in situations when the original relativistic system is equivalently reformulated in a non-relativistic manner. So, in spite of very basic nature of this original question, we did not find a satisfactory answer in the literature.
Here we consider a relativistic particle moving in a curved (1+1) -dimensional space-time background with a time-like Killing vector. In addition, the particle is charged and interacts with a background electromagnetic field with Killing vector invariant strength. We explicitly construct (in quadrature) the action-angle variables and give the (implicit) formula for semiclassical BornSommerfeld quantisation of energy levels for the particle trapped by the background.
The organization of the paper is as follows. In the next section, we introduce our approach starting from the discussion of geometric criteria of applicability of our formalism and further deriving the quadrature formulas for action and angle variables. There we also give the semi-classical quantisation prescription. Then we consider the example of two-dimensional Anti-de Sitter (AdS) space (or radial part of a higher-dimensional AdS space) and obtain quantised semiclassical energy levels for a particle trapped in such a space. Finally, we discuss our results.
2 Relativistic particle in a background with time-like Killing vector
The charged particle in a curved space-time is described by the following action,
where g µν , is the 1 + 1-dimensional metric, and A µ , respectively, the vector potential of two-dimensional Abelian gauge field. Greek indices µ, ν, etc. run through the range (0, 1).
In classical mechanics action-angle variable method is applied to onedimensional particles moving in static binding potential. The notion of 'binding' we will clarify later, but the geometric analogue of static potential is existence of an isometry given by a time-like Killing vector field. In our situation we also require the Killing vector to commute with the gauge field strength.
The time-like isometry together with diffeomorphism invariance allow us to choose a coordinate system in which metric is time-independent and diagonal, i.e. the only non-trivial components of metric in (t, x)-coordinates are g 00 (x) and −g 11 (x).
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As for the gauge potential A µ , we can impose the gauge condition, A 1 = 0. In our coordinate system the remaining component A 0 ≡ φ(x) will be timeindependent as long as the field strength is time-independent.
2 The last is precisely the required above Killing invariance of the field strength tensor.
Fixing the world-line time reparametrisation by choosing,
we bring the action to the form,
The action (2.3) is the starting point of our analysis. Before starting the analysis, let us observe that with a space-like coordinate transformation x ′ = x ′ (x), where
we can bring the metric to the form g 00 = g 2 11 . In such a coordinate system, the non-relativistic limit of the action is particularly natural and easy,
where g 00 = g 00 (x(x ′ )) and φ = φ(x(x ′ )). Hence, in this parameterisation our system is approaching a standard non-relativistic massive particle with the potential, 6) as long asẋ ′2 ≪ √ g 00 . Dots in eq. (2.5) denote terms which are small in this limit.
Action-angle variables
Let's start by the Legendre transform of the action (2.3) to the Hamiltonian description. The canonical momentum is given by,
The expression (3.1) can be easily reversed for the velocity,
The Hamiltonian is then given by,
Now let us apply the Hamilton-Jacobi method to solve this system. Recall that the idea of the method is to make a canonical transformation to new variables J and θ, such that the new canonical momentum J is cyclic. The characteristic function W (x, E) of the transformation is found from the condition,
where E is a constant depending on initial conditions and determining the value of the Hamiltonian. The formal solution to the eq. (3.4) is given by,
where x 0 is the initial value of position. In the case of compact motion, we can define the action variable by extending the integral defining the characteristic function (3.5) to one periodicity cycle of motion,
The integration path in (3.6) is bounded by classical turning points, at which the integrand vanishes, i.e.,
The existence of turning points determines the bound motion. As the particle at turning points is in a non-relativistic regime, the turning point condition, curiously, is exactly the same as for a non-relativistic system with potential (2.6), apart from the possibility of sign variation. The turning points x i and x i+1 are bounding a classical region determined by the condition, m √ g 00 ≤ |E − eφ|.
Notice, that for non-vanishing mass the two branches, corresponding to either choice of sign in (3.7) are well separated. This implies that both ends of the same classical region should have turning points corresponding to the same choice of the sign, which means that a particle can never "turn back in time" within a classical region. This is a manifestation of particle/antiparticle conservation in relativistic mechanics. In the case of zero mass, however, the situation could be different.
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In a generic reference frame with the Killing vector given by components ξ µ , where ξ 2 = ξ µ ξ µ > 0 the general covariant form of the action variable (3.6) is given by,
where dλ is the invariant integration measure over the 'cycle' C E,ξ given by x µ (τ ) such that, ξ µẋ µ = 0, (3.10) and condition,
The expression (3.9) is manifestly reparametrisation invariant, while in the special coordinate frame in which the Killing vector is ξ µ = (1, 0) we recover the eq. (3.6). 4 Notice, that A µ is still gauge fixed. Classical equations of motion imply that the action variable J take constant values along the classical path. Let us solve the Eq. (3.6) for E. Then, the conjugate angle variable θ satisfies the equation,
As ω(J) is a constant of motion too, the solution for θ(t) is given by,
13)
3 In this case one should consider non-charged particles. 4 In this coordinates the covariant Killing vector is ξ µ = (g 00 , 0).
where θ 0 is the (new) initial condition, which together with the value of J (or energy E) gives a complete set of initial conditions. Now we are ready to consider the semiclassical quantisation of the system. According to Bohr-Sommerfeld quantisation prescription the action variable should take discrete values given by,
where n = 0, 1, 2 . . ., and 0 ≤ γ < 1 is a constant determining the vacuum value of the action variable. This gives an implicit formula for the energy level E n .
Example: AdS space
There are many good examples to play with our approach, among which the Anti-de Sitter space (AdS) is, perhaps, distinguished due to importance of this geometry.
The metric of the D + 1-dimensional AdS is given by, In the case of (1 + 1)-dimensional space or a pure radial motion, the angular part can be discarded. In this case we deal with a two-dimensional space with the metric,
which is in the "standard" form of Eq. (3.6).
Applying directly the definition (3.6), we find the action variable,
The integration is over one cycle of motion bounded by turning points r 0 determined by the equation,
i.e. a particle in the AdS space is trapped in the region r ≤ R (E/m) 2 − 1. Obviously, its energy can not be less than its mass. . . Evaluation of the integral in Eq. (3.17) yields,
Solving this for the energy we get,
This gives the angular speed ω AdS = 1/R, and complete classical description of the model. The semiclassical energy levels are given by,
which are pretty much compatible with the result of solving the Schrödinger equation in AdS, [6] (see also [7] ). Let us note, that positive energies (E n > m) correspond to energy levels of particle, while negative energies (E n < −m) stand for the anti-particle. Remarkably, the particle in the AdS space background provides an example, alongside the harmonic oscillator, for which semiclassical energy levels are exact.
Discussion
In this work, we introduced the action-angle variables for a relativistic particle moving in gravity and electromagnetic field background. The approach is readily available as long as background is static, i.e. there is a time-like Killing vector field commuting with the metric and the electromagnetic field strength. The existence of time isometry is the relativistic counterpart of the conservativeness of a non-relativistic system.
As an example, we apply the approach to the radial motion of a particle in the anti-de Sitter background for which we were able to find semi-classically quantised energy levels. Let us note that when E ≫ m, the classical trajectory of the particle is deeply relativistic. Therefore the non-relativistic approximation couldn't be used here, while the system can be still semiclassical.
Although the method is explicitly constructed for 1+1-dimensional spaces, it can be generalised to higher dimensions as long as geometry allows separation of dynamical variables.
